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We propose that a kind of four-dimensional (4D) Hamiltonians, which host tensor monopoles
related to quantum metric tensor in even dimensions, can be simulated by ultracold atoms in the
optical lattices. The topological properties and bulk-boundary correspondence of tensor monopoles
are investigated in detail. By fixing the momentum along one of the dimensions, it can be reduced
to an effective three-dimensional model manifesting with a nontrivial chiral insulator phase. Using
the semiclassical Boltzmann equation, we calculate the longitudinal resistance against the magnetic
field B and find a negative relative magnetoresistance effect of approximately −B2 dependence
when a hyperplane is cut through the tensor monopoles in the parameter space. We also propose
an experimental scheme to realize this 4D Hamiltonian by extending an artificial dimension in 3D
optical lattices. Moreover, we show that the quantum metric tensor can be detected by applying an
external drive in the optical lattices.
I. INTRODUCTION
In 1931, Dirac introduced the concept of monopoles
to explain the quantization of electron charge [1]. Since
then, the development of gauge theory has shown that
monopoles emerge in a natural way in all theories
of grand unification. However, the existence of the
monopole as an element partices has not been confirmed
by any experiments till today. Monopoles in momentum
space have attracted extensive studies in condensed mat-
ter physics and artificial quantum systems, for example,
Dirac monopoles in Weyl semimetals. The celebrated
Nielsen-Ninomiya theorem states that Weyl points in
the first Brilluoin zone must emerge and annihilate in
pairs with opposite chirality, which provides a mecha-
nism of anomaly cancellation in the field theorem frame-
work [2]. Moreover, negative magnetoresistance (MR)
effect, for which the longitudinal conductivity increases
along with the increasing magnetic field, has been re-
ported in several experiments and can be interpreted as
a result of the suppression of backscattering due to the
opposite chirality of the monopoles in Weyl semimet-
als [3–9]. Besides those monopoles in odd dimensions,
recent research shows that another kind of monopoles can
emerge in even dimensions, named “tensor monopoles”,
which are Abelian monopoles associated with the tensor
(Kalb-Ramond) gauge field [10]. The topological charge
of the tensor monopole is related to the so-called quan-
tum metric which measures the distance of two nearby
states in the parameter space. Recently, by using control-
lable quantum systems, several experiments have been
reported to directly measure the quantum metric tensor,
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which characterizes the geometry and topology of under-
lying quantum states in parameter space [11–14].
The technology of ultracold atom provides an excellent
platform to study different topological systems of con-
densed matter and high-energy physics, because of its
perfect cleanness and high controllability [15]. Recently,
4D quantum Hall effect has also be experimentally sim-
ulated by ultracold atom, which opens up the research
of high-dimensional physics in realistic systems [16, 17].
The extra dimension can be introduced to the 3D op-
tical lattice with a cyclical parameter varying from −pi
to pi, which plays the role of the pseudo-momentum of
the fourth dimension [16–23]. Besides, it shows that syn-
thetic dimension can also be engineered by a set of inter-
nal atomic levels as an artificial lattice dimension [24, 25].
In order to measure the Berry phase of topological sys-
tems in cold atoms, many experimental approaches have
been proposed and conducted, including state tomog-
raphy [26, 27], interferometry [28], and atomic trans-
port [29]. Recent development on how to measure the
quantum metric tensor by shaking the optical lattice has
promoted the research of tensor monopoles with cold
atoms [12, 30].
In this paper, we propose two minimal Hamiltonians
in 4D which host tensor monopoles [10, 31–34], and then
study their topological properties. Tensor monopoles in
these two systems can be considered as one conductance
band, one valence band and one flat band touching at the
common points and the topological properties of the ten-
sor monopoles can be controlled by a tunable parameter.
After fixing the momentum of the fourth dimension in
the parameter space, we obtain a 3D model. Rich phase
diagrams can be derived from this 3D model, including
trivial phase and chiral insulator. In addition, we calcu-
late the MR with the semiclassical Boltzmann equation.
When a hyperplane cuts through the tensor monopoles,
the relative MR approximately proportional to −B2 sig-
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2nifies the negative MR effect, where B is the magnetic
field. We also propose an experimentally feasible scheme
to implement our model with three-component ultracold
atoms and one synthetic dimension in optical lattices.
Moreover, we provide the experimental method to mea-
sure quantum metric tensor.
The paper is organized as follows. In section II, we
introduce the models for realizing tensor monopoles and
review the definition of the quantum metric tensor with
topological charge. In section III, we give the tight-
binding Hamiltonians and investigate the bulk-boundary
correspondence. In section IV, MR effect is calculated
for our tensor monopole models, using the semiclassi-
cal Boltzmann equation. In section V, an experimental
scheme to realize the 4D model is established with a pro-
posal of measuring the quantum metric tensor. Finally,
a brief conclusion is provided in section VI.
II. TENSOR MONOPOLES IN 4D FLAT SPACE
Following Ref. [35], the tensor monopole in momentum
space can be hosted by a generalization of 4D multi-Weyl
Hamiltonian as
Hn = 1
2
(kn−λ+ + k
n
+λ−) + αzkzλ6 + αwkwλ
∗
7, (1)
where k = (kx, ky, kz, kw) is the 4D momentum. The
λi(i = 1, 2, 6, 7) are Gell-Mann matrices [36], which are
representations of the infinitesimal generators of SU(3).
Here we set k± = kx ± iky and λ± = αxλ1 ± iαyλ2,
αj = ±1(j = x, y, z, w). The Hamiltonian breaks time
reversal symmetry, but preserves chiral symmetry (also
known as the sublattice symmetry) due to the anticom-
mutative relation {U,H} = 0, where the unitary matrix
U = diag(1,−1, 1). Energy spectrums are obtained as
E± = ±
√(
k2x + k
2
y
)n
+ k2z + k
2
w, E0 = 0. (2)
And the related eigenstates are denoted by |u±〉, |u0〉.
There are three energy bands including a zero-energy
flat band protected by chiral symmetry. The tensor
monopole exists at k = (0, 0, 0, 0), where the three bands
touch commonly.
Recall that the Dirac monopoles and non-Abelian
Yang monopoles defined in 3D and 5D parameter spaces,
respectively. They are all described by vector Berry
connections, i.e., vector gauge field. But for tensor
monopoles defined in 4D parameter space, they are cap-
tured by tensor Berry connection. The associated gauge
field is an Abelian antisymmetric tensor field Bµν called
the Kalb-Ramond field, which is defined as
Bµν = φFµν , φ = − i
2
log
3∏
ℵ=1
uℵ−, (3)
where Fµν = ∂µAν −∂νAµ is Berry curvature(∂µ ≡ ∂kµ),
and the associated Berry connection Aµ = 〈u− |i∂µ|u−〉,
and uℵ− denotes the components of the lowest band |u−〉
[37]. This tensor Berry connection satisfies the following
gauge transformation [34, 38]
Bµν → Bµν + ∂µξν − ∂νξµ, (4)
where ξµ is a vector that contains the redundant gauge
degree of freedom of the field. Related 3-form curvature
is H = dB, whose components are given by
Hµνλ = ∂µBνλ + ∂νBλµ + ∂λBµν . (5)
It is gauge invariant and antisymmetric. For Hamiltonian
in Eq. (1), the corresponding 3-form curvature is
Hµνλ = sgn(αxαyαzαw)µνλγ nkγ(
k2x + k
2
y + k
2
z + k
2
w
)2 .
(6)
A topological charge associated with this curvature
Hµνλ can be defined by surrounding the tensor monopole
with a sphere S3,
Qn =
1
2pi2
∫
S3
dkµ ∧ dkν ∧ dkλHµνλ. (7)
This is a topological invariant known as the Dixmier-
Douady(DD) invariant, which is related to the (first)
Dixmier-Douady class of U(1) ”bundle gerbes” [39–42].
Inspired by Ref. [10], we can also find a direct rela-
tion between the components of 3-form curvature and
the quantum metric(or Fubini-Study metric),
Hµνλ = sgn(αxαyαzαw)µνλ(4
√
det gµ¯ν¯), (8)
where gµ¯ν¯ is the 3× 3 quantum-metric tensor defined in
the proper 3D subspace. This equation provides a feasi-
ble method to detect the 3-form curvature, which will be
discussed in section V. Quantum metric tensor is the real
part of the quantum geometric tensor, whose imaginary
part is just Berry curvature [43] and has been directly
measured in some engineered systems [26–29, 44, 45].
Physically, if the Hamiltonian of a system is parametrized
as H ≡ H(~λ), quantum metric tensor measures the (in-
finitesimal) distance between two nearby quantum states,
ds2 = 1− |〈ψλ|ψλ+dλ〉|2, in ~λ space [46] as
ds2 =
∑
µν
gµνdλµdλν , (9)
in which the metric tensor can be explicitly written as
gµν = Re
(〈
∂ψ
∂λµ
∣∣∣∣ ∂ψ∂λν
〉
−
〈
∂ψ
∂λµ
∣∣∣∣ψ〉〈ψ∣∣∣∣ ∂ψ∂λν
〉)
.
(10)
Obviously, the metric is positive and satisfies gµν = gνµ.
For our model, we parametrize the momentum space
k = (kx, ky, kz, kw) in Eq. (1) with the hyperspherical
coordinates (k, θ1, θ2, ϕ) as
kx = (k sin θ1 sin θ2)
1
n cosϕ,
ky = (k sin θ1 sin θ2)
1
n sinϕ,
kz = k sin θ1 cos θ2,
kw = k cos θ1,
(11)
3where k =
√(
k2x + k
2
y
)n
+ k2z + k
2
w is the radius of the
3-hypersphere encircling the monopole in momentum
space. If the lowest energy band εk = −k is filled, the
topological charge of the tensor monopole can be defined
as
Qn =
1
2pi2
∫ pi
0
dθ1
∫ pi
0
dθ2
∫ 2pi
0
dϕHθ1θ2ϕ, (12)
where Hθ1θ2ϕ = 4sgn(αxαyαzαw)θ1θ2ϕ
√
det g with 
the Levi-Civita antisymmetric tensor. By considering
the hypersphere surrounding the monopole, we derive
det g = 116n
2 sin4 θ1 sin
2 θ2 and the topological charge is
obtained as
Qn = nsgn(αxαyαzαw). (13)
We consider two special cases of the Hamiltonians in
Eq. (1) as
H1 = kxλ1 + kyλ2 + kzλ6 + kwλ∗7, (14)
for n = 1, and
H2 =
(
k2x − k2y
)
λ1 + 2kxkyλ2 + kzλ6 + kwλ
∗
7, (15)
for n = 2. In both cases, the three energy bands all cross-
ing at the k = (0, 0, 0, 0), which hosts tensor monopoles
with the topological charges being Q1 = 1 and Q2 = 2,
respectively. Also, the tensor monopoles are stable un-
der smooth deformations of the Hamiltonians as a re-
sult of its topological nature [10]. Actually this kind
of monopoles can be viewed as magnetic monopoles in
parameter space and the generalized curvature can be
regarded as the magnetic field of the monopole [47].
III. THE MINIMAL MODELS IN MOMENTUM
SPACE
Now we construct the Hamiltonians in Eq. (14) and
(15) with the tight-binding models in the momentum
space as
Hn = dn,xλ1 + dn,yλ2 + dn,zλ6 + dn,wλ∗7, (16)
with n = 1, 2.
For n = 1, the explicit form of d’s are
d1,x = 2t sin kx,
d1,y = 2t sin ky,
d1,z = 2t sin kz,
d1,w = 2t(h− cos kx − cos ky − cos kz − cos kw),
(17)
where we have set the lattice constant a = 1.
Here, t is hopping energy and h is a tunable pa-
rameter. The corresponding spectrum is given by{
0,±
√
d21,x + d
2
1,y + d
2
1,z + d
2
1,w
}
. When h = 3, there
exist a pair of triple-degenerate Dirac-like points at K± =
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FIG. 1. (a) and (b) are the monopoles of H1 and H2 for
h = 3. We plot the monopoles in ky − kz − kw parameter
space and define kx = 0. The ellipses stand for monopoles
and the numbers mean the topological charges of them.
(0, 0, 0,±pi/2), which are tensor monopoles with topolog-
ical charges ±1, as shown in Fig. 1(a) with kx = 0. The
k · p Hamiltonian near the two nodes with q = k −K±
yields the low-energy effective Hamiltonian as Eq. (14).
Similarly, for n = 2, the d’s can be written as
d2,x = 2t(sin
2 kx − sin2 ky),
d2,y = 4t sin kx sin ky,
d2,z = 2t sin kz,
d2,w = 2t(h− cos kx − cos ky − cos kz − cos kw),
(18)
by which the energy dispersion is obtained as{
0,±
√
d22,x + d
2
2,y + d
2
2,z + d
2
2,w
}
. For h = 3, there are
also a pair of tensor monopoles at K± = (0, 0, 0,±pi/2)
with topological charges ±2 as shown in Fig. 1(b) with
kx = 0. The low-energy effective Hamiltonian near the
two nodes is obtained as Eq. (15).
For both cases of n = 1 and n = 2, the com-
bination and division of tensor monopoles inside the
first Brillouin zone (FBZ) are controlled by the pa-
rameter h. For h = 0, there are six monopoles at
(pi, pi, 0, 0), (pi, 0, pi, 0), (pi, 0, 0, pi), (0, pi, pi, 0), (0, pi, 0, pi)
and (0, 0, pi, pi), including three of them with positive
topological charge and three others with negative topo-
logical charge as a result of the generalized Nielsen-
Ninomiya theorem [2]. Increasing h, the six monopoles
begin to move in FBZ. When h = 1, the six de-
generate points move to (0, 0, pi,±pi/2), (0, pi, 0,±pi/2),
(pi, 0, 0,±pi/2) with the same topology. When continu-
ously increasing h to h = 2, there are four monopoles
left at (pi, 0, 0, 0), (0, pi, 0, 0), (0, 0, pi, 0), (0, 0, 0, pi), with
two others of opposite topological charges annihilated
each together to open a gap. For h = 3, only two
monopoles are left at (0, 0, 0,±pi/2). For h = 4, the two
monopoles move toward (0, 0, 0, 0) and combine to open a
gap. Finally, it becomes a topologically-trivial insulator
for h > 4.
By taking a slice of these two 4D models, i.e., fixing
kw = 0, 3D models can be derived from the 4D systems.
The topological nature of the 3D system is captured by
DD invariant. This invariant is equivalent to the winding
number, which characterizes 3D topological insulators in
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FIG. 2. (a) and (b) stand for the Chern-Simons term of
H1 and H2 respectively. ′(+)′ stands for the positive energy
band, ′(0)′ and ′(−)′ represent the flat and negative energy
band respectively. Here set t = 1.
class AIII [38, 48, 49]
Γn =
1
12pi2
∫
BZ
d3kαβγρµντ
1
E4+
dα∂µdβ∂νdγ∂τdρ
= Qn,
(19)
where E+(k) =
√
d2n,x + d
2
n,y + d
2
n,z + d
2
n,w, and the in-
dexes of the Levi-Civita symbol with α, β, γ, ρ and µ, ν, τ
represent {x, y, z, w} and {kx, ky, kz}, respectively.
Another equivalent way to characterize the topology
of the 3D models is the Chern-Simons invariant (CSI),
which takes the form as
CS =
1
4pi
∫
BZ
dkµντAµ(k)∂νAτ (k), (20)
where Aµ(k) = 〈u(k) |i∂µ|u(k)〉 (µ = x, y, z) [48, 50]. We
plot CSI against h in Fig. 2(a) with n = 1 and 2(b) with
n = 2 for the three energy bands at kw = 0. The relation
of the value of it between different bands is
CSn(+) = CSn(−) = 1
4
CSn(0). (21)
As indicated in Fig. 2, the topological phase transitions
occur at h = 0,±2, 4, when the three bands touch at
the hyperplane of kw = 0. For h ∈ (−2, 4), the CSn is
nonzero, it is topologically nontrivial phases here. A de-
tailed calculation shows that the relation between wind-
ing number and the Chern-Simons term is
pi
4
Γn = CSn(−). (22)
When h = 5, according to Fig. 2, the 3D systems is
trivial and no surface state exists, which is confirmed by
the numerical calculation shown in Fig. 3 (c) and (d).
The energy spectrum and surface states with the open
boundary along zˆ direction are shown in Fig. 3. As
discussed before, for h = 3, two tensor monopoles are
located at (0, 0, 0,±pi/2) and the spectrum is gapped
and topologically nontrivial for kw ∈ (−pi/2, pi/2). They
are chiral insulator phases. Therefore, there are surface
states of Dirac cones for those sliced 3D systems until the
slicing hyperplane hits the tensor monopoles. Namely,
(a) (b)
(c) (d)
FIG. 3. The bulk state(surface plot) and surface state(mesh
plot), for kw = 0. (a) is the case of H1, h = 3. (b) is H2, h = 3.
They are chiral topological insulator phase, the surface state
connects three gapped bands. (c) and (d) are the bulk state
of H1, h = 5 and H2, h = 5. They are trivial insulator.
(a) (b)
(c) (d)
FIG. 4. (a) and (c) are the bulk state(surface plot) and surface
state (mesh plot) of H1 and H2 respectively. (b) and (d) are
the density distribution of the wave function of surface state
for H1 and H2 respectively. Here kx = 0, ky = kw = 0.1pi.
surface Dirac cone survives when −pi/2 < kw < pi/2.
The spectra with kw = 0 are shown in Fig. 3 (a) and
(b) for n = 1 and n = 2, respectively. When we take
the slicing hyperplane perpendicular to xˆ axis, the sets
of those Dirac points constitute the Fermi arcs connect-
ing two tensor monopoles for n = 1 and n = 2, which are
shown in Fig. 4 (a) and (c), respectively. Fig. 4 (b) and
(d) shows the density distribution of surface states. By
using the method in Ref [48], for kw ∈ (−pi/2, pi/2), the
low-energy spectra of surface states around (kx, ky, kz) =
(0, 0, 0) are ±v
√
k2x + k
2
y and ±v(k2x + k2y) for n = 1 and
n = 2, respectively. Here v = 2t is the effective Fermi ve-
locity. Detailed derivation of these spectra can be found
in the Appendix.
5IV. TRANSPORT PROPERTY
Negative magnetoresistance effect has already been
extensively discussed in topological semimetals. This
fantastic transport phenomena is widely believed to be
caused by chiral anomaly, which is the violation of the
conservation of chiral current [5]. In some topologi-
cal insulators, there also emerges the same effect, al-
though the chiral anomaly is not well defined in these
systems [51, 52]. By using semiclassical equation, we can
calculated MR.
In semiclassical limit, the electronic transport can be
described by the equations of motion
r˙ =
1
~
∇kε˜k − k˙×Ωk,
k˙ = − e
~
(E + r˙×B),
ε˜k = εk −M ·B,
M = − e
2h
Im
〈
∂u
∂k
∣∣∣∣ (E0 − Hˆ0(k)) ∣∣∣∣∂u∂k
〉
,
(23)
which describe the dynamics of the wave packet [53–55].
Here, r is the position of the wave packet in real space,
and k corresponds to the wave vector. εk is the energy
dispersion of the valence band, and M is orbital mag-
netic moment of the wave packet which is analogous to
the magnetic moment of a electron motions around the
nucleus [56].
Using the semiclassical Boltzmann equation, the lon-
gitudinal conductivity can be calculated by
σµµ =
∫
d3k
(2pi)3
e2τ
Dk
(
v˜µk +
e
~
Bµv˜νkΩ
ν
k
)2(
−∂f˜0
∂ε˜
)
,
Dk = 1 +
e
~
B ·Ωk,
(24)
where f˜0 is the equilibrium Fermi distribution, and τ
is the life time of the quasiparticle in the semiclassical
limit [52, 57]. In Fig. 5, for n = 1, kx = 0, and h = 3,
we plot the relative MR of the longitudinal resistance
against the magnetic field Bz, which is defined as [52].
MRz (Bz) =
1/σzz (Bz)− 1/σzz(0)
1/σzz(0)
, (25)
and the results are plotted in Fig. 5, there is a typical
−B2-dependence of the MR, which signifies the nega-
tive MR effect along zˆ. It is because the hyperplane for
kx = 0 cuts through the two monopoles and a 3D Weyl
semimetal is realized consequently. The typical experi-
mental parameters of ultracold atoms in the optical lat-
tice have been used in our calculation, while the magnetic
field can be realized by artificial gauge field for the ex-
perimental setup. Since the flat zero-energy band doesn’t
contribute to the conductance because of the vanishing
velocity of the wave packet, we don’t take the flat band
into consideration.
FIG. 5. The relative MR with n = 1 and h = 3, kx = 0. The
magnetic field applied along zˆ direction, the lattice spacing
a = 382nm, t/~ = 2pi × 40Hz, and EF = −0.1t.
V. IMPLEMENTATION SCHEME
A. Realization with optical lattices
In this subsection, we propose a scheme to realize
the 4D Hamiltonian in Eq. (16) for n = 1 using ultra-
cold atoms [7, 58–60]. The simulation of 4D system is
achieved by parameterizing the momentum along wˆ on
the 3D optical lattice. For n = 1, we can use noninteract-
ing fermionic atoms in a cubic optical lattice and choose
three atomic internal states in the ground state manifold
to encode the three spin states |s〉 (s =↑, 0, ↓), where the
cubic lattice can be formed with three orthogonal sets
of counter propagating laser beams with the same wave
vector magnitude and the orthogonal polarizations. The
tight-binding Hamiltonian of this cold atom system with
spin-dependent hopping is written as
Hˆ = t
∑
r
[
Hˆrx + Hˆry + Hˆrz + Hˆ
′
]
Hˆrx = −ia+r-x,0 (ar,↑ + ar,↓) + ia+r+x,0 (ar,↑ − ar,↓) +H.c.
Hˆry = a
+
r-y,0 (ar,↑ − iar,↓)− a+r+y,0 (ar,↑ + iar,↓) +H.c.
Hˆrz = −2ia+r-z,0ar,↓ +H.c.
Hˆ ′ = 2iγa+r,0ar,↓ +H.c.,
(26)
where Hˆrx, Hˆry and Hˆrz represent the hoppings along the
x, y and z axis, respectively, with the tunneling ampli-
tude t, γ = h− cos kw. aˆr,s and aˆ+r,s stand for the annihi-
lation and creation operators on lattice site r for the spin
state |s〉 . In the tight-binding model, the spin-dependent
atomic hopping between two nearest neighborhood sites
can be realized by Raman coupling between their three
spin states [61]. Here define γ = h−cos θ, h is a constant
and θ is a cyclical parameter that vary from θ = −pi to
θ = pi.
The generalized 3D tight-binding model on a simple
cubic lattice Hamiltonian
H =
∑
k,ss′
aˆ+k,s[H1(k)]ssaˆk,s, (27)
6where H1(k) is Bloch Hamiltonian as in Eq. (16). Tak-
ing the parameter θ as the pseudo-momentum kw, we
can study the 3D system in a 4D parameter space k =
(kx, ky, kz, θ).
B. Detecting the quantum metric tensor
We now turn to address an experimental method to
detect the tensor monopole in our system. The basic
procedure is preparing the system in a given Bloch state
and introducing an external drive by shaking the lat-
tice [30, 62–70]. Then the quantum metric can be mea-
sured by establishing its relationship with integrated ex-
citation rate, which is a measurable quantity in experi-
ments [12, 62, 71–75].
In order to measure the quantum metric tensor related
to Eq. (16) with n = 1, the system is first prepared in the
state of |u−〉. Shaking the lattice along the x direction
results in a circular time-periodic perturbation given by
Hˆx(t) = Hˆlattice + 2Ex cos(ωt), (28)
where E is drive amplitude, ω is the frequency of shak-
ing driving interband transitions [12, 30, 62]. By intro-
ducing this external drive, according to Ref. [11, 12],
the relation between the total integrated excitation rate
Γintx =
∫
dωΓx(ω) and the diagonal quantum metric ten-
sor is given as
Γintx =
2piE2
~2
gxx, (29)
where the diagonal component of quantum metric tensor
gxx =
~2
2piE2
∑
n 6=− |〈un|∂kxu−〉|. The relation in Eq. (29)
provides an experimentally feasible approach to measure
the quantum metric tensor. In practice, one can change
the frequency to get the integrated excitation rate as [62,
67, 76]
Γintx =
∑
i
Γx (ωi) ∆ω. (30)
To obtain the off-diagonal components of quantum met-
ric tensor, we can measure the excitation rate by applying
the shaking along the different directions. Taking gyz as
an example, the shaking can be applied along the direc-
tions yˆ ± zˆ [12, 30] and then the total Hamiltonian can
be written as
Hˆy±z(t) = Hˆlattice + 2E(y ± z) cos(ωt), (31)
from which we can obtain the excitation rates Γinty±z and
the difference of those two excitation rates is related to
the off-diagonal quantum matric tensor as
Γinty+z − Γinty−z =
8piE2
~2
gyz. (32)
By shaking the optical lattice, the topological properties
of tensor monopoles can be derived through the measure-
ment of quantum metric tensor. For our 4D system, the
generalized Berry curvature Hµνλ = 4µνλ
√
det gµν can
be obtained after extracting the quantum metric tensor,
with which the topological charge may be obtained con-
sequently.
VI. CONCLUSION
In summary, we have proposed two minimal Hamil-
tonians, which host tensor monopoles with topological
charges equal to n, and discuss the topological proper-
ties of them. The topological properties and the phase
transitions of the tensor monopoles with n = 1, 2 have
been considered. By increasing h from zero, the ten-
sor monopoles can be annihilated in pairs of opposite
topological charges to open a gap. As h > 4, all ten-
sor monopoles disappear and the system becomes a triv-
ial insulator. The semiclassical Boltzmann equation has
been used to calculate the longitudinal conductivity with
the magnetic field, a −B2-dependence of MR is obtained
as a result of the Weyl semimetal with a hyperplane cut-
ting through the two tensor monopoles. An experimental
scheme of the topological charge 1 has been proposed.
We suggest to simulate the 4D Hamiltonian of tensor
monopole by the 3D optical lattice with a parametrized
pseudo-momentum along the fourth dimension. The re-
lation between the total excitation rate and the quantum
metric tensor facilitates us to measure the quantum met-
ric tensor by shaking the optical lattice.
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Appendix A: Calculation of the surface state
spectrum
Expand the Hamiltonian H2 around (kx, ky, kz) =
(0, 0, 0), and consider the open boundary condition along
z direction, the Hamiltonian can be rewritten as
H =
 0 dˆ1 − idˆ2 0dˆ1 + idˆ2 0 dˆ3 + iA000
0 dˆ3 − iA000 0
 , (A1)
7where
dˆ1 = 2t(k
2
x − k2y),
dˆ2 = 4tkxky,
dˆ3 = 2tkz = −2it∂z,
A000 = 2t(h− 3− cos kw).
(A2)
Define A000 ≡ dˆ4, and we regard A000 as a domain wall
configuration along the z-direction, which we choose to
parametrize as
A000 (z) = A¯000 [Θ (z)−Θ (−z)] , (A3)
Here A¯000 = −A000, and Θ is the Heaviside function with
Θ(z) =
 1 , z > 012 , z = 00 , z < 0. (A4)
Since kx and ky are good quantum numbers, we can use
their eigenvalues to replace the momentum operators,
and solve eigen-equation
Hψ = εkψ, (A5)
with ψ = eikxx+ikyyφ(z). The components of the spinor
wavefunction φ (z) = (f (z) , g (z) , h (z))
>
. Combining
above equations derive
f(z) =
1
εk
(d1 − id2) g(z),
h(z) =
1
εk
(−2i∂z − iA000) g(z),
(A6)
and[−4∂2z +A2000 − 4A¯000δ(z)] g(z) = [ε2k − (d21 + d22)] g(z),
(A7)
at z 6= 0. The solution of Eq. A(7) is
h (z) = h0e
−|z|/λ, (A8)
where h0 is a normalization constant and λ
−1 :=√
A¯2000 + (d
2
1 + d
2
2)− ε2κ > 0, the discontinuity of delta
function at z = 0 imposes the condition λ−1 = A¯000.
Therefore, the surface states dispersions are given by
ε±,k = ±
√
(d21 + d
2
2) = ±v(k2x + k2y), (A9)
where v = 2t is the effective Fermi velocity. For A¯000 > 0,
we only consider h = 3 in the main text, so we derive
kw ∈ (−pi/2, pi/2). The surface state spectrum of H1 can
be derived in the same method.
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